Dark Energy as a Geometric Behavior with Lower Dimensionality: A Toy Model. 
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In this paper, we investigate the possibility that a geometric model of dark energy that assume 
"lower dimensions" , could generates a repulsive pressure which cause the current accelerated expan- 
sion of the Universe. We show how this geometrical model resemble as quintessence, cosmological 
constant and phantom energy during the cosmological evolution of the Universe choosing the cor- 
responding matter scale factor as well as the possible consequences of this model in the Universe 
fate. Finally we perform the dynamical evolution of the model with the other Universe components 
as well as its domination epoch. 

PACS numbers: 04.20.Gz, 04.50.Kd, 04.60.Kz 



I. INTRODUCTION. 

Several cosmological observations at high redshift with 
supernovae of the Type la p], [2] show evidence of the 
current accelerated expansion of the Universe. Similarly, 
observations of anisotropics of cosmic microwave back- 
ground radiation (CMBR) [3] suggest that the responsi- 
ble of this acceleration is an entity known as dark energy 
whose main characteristic is that the equation of state 
(EoS) satisfies uj < —1/3 and is not fulfilled by baryons, 
radiation (neutrinos and photons) neither dark matter 
and makes up ~ 70% of the total content of the Universe 
®- 

Currently, different proposals stress as candidates of 
dark energy the quintessence energy J5J, cosmological 
constant [6] & [7], phantom energy [8] and other several 
candidates that comes from higher dimensional theories 
[9] & [TD] which satisfy the suitable EoS for an acceler- 
ated expansion or that provides the ability of accelerate 
the Universe by means of topological effects (for a review, 
see e.g. [H]). It is important to remark that among all 
these proposals, the cosmological constant is the most 
accepted candidate for dark energy. 

However, the best candidate is plagued of fundamen- 
tal problems among which are the fine tuning between 
the observational results which predict an energy density 
of p° A bs < (10~ 12 GeV) 4 in contrast with the theoretical 
results that predict pf eo ~ (10 18 GeV) i 0, [7j (120 or- 
ders of magnitude) as well as the coincidence problem 
associated with the recent Universe acceleration. 

Focusing on solve the problems of dark energy nature; 
this paper proposes a geometric lower dimensional solu- 
tion postulating that fundamental regions permeate the 
Universe in a homogeneous and isotropic distribution. 
We consider that each fundamental region is in its min- 
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imum energy state related with the Heisenberg uncer- 
tainty principle as well as the relation of the size of this 
regions with the Schwarzschild radius and the consid- 
eration of a relativistic behavior as an extension of the 
results obtained by several authors [12|- [14] . Remark- 
ably, the counting of this fundamental regions must be 
performed only in one preferential direction and not in 
the three space dimensional directions related with the 
space-time structure; suggesting that at high energies, 
the Universe could behave as (1 + 1) dimensional man- 
ifold as is argued by several authors (see e.g. [TTj]-[TB]). 
It should be noted that these kind of cosmological mod- 
els with (1 + 1) space-time dimensions, provide an inter- 
esting theoretical "laboratory" to explore the behavior of 
classical and quantum gravity |19) . The same calculation 
performed in the three dimensions immediately generates 
a wrong value of the energy density which can be inter- 
preted as the cosmological constant fine tuning problem. 

Interestingly the previous conditions generates a natu- 
ral accelerated expansion of the Universe when the scale 
factor corresponds to the matter domination era. Fur- 
thermore, the resulting EoS evolves like quintessence, 
cosmological constant and finally as phantom energy; 
having the remarkable goal that the energy density be- 
haves as that predicted by the holographic principle [20] 
where the information is enclosed in the area of the 
physical object. Finally, using a constriction to reduce 
the calculations, we analyze the dynamical system ob- 
tained from the Friedmann and Raychaudhuri equations 
for this Universe with the other components (dark mat- 
ter, baryons, photons and neutrinos). We will henceforth 
use units in which c = h = 1. 



II. FUNDAMENTAL GEOMETRIC REGIONS. 

Postulates. We considered a Fundamental Geometric Re- 
gions (FGR) with relativistic energy E = 7TO0 and linear 
momentum p = moV7, where 7 = (1 — v 2 ) -1 / 2 is the 
Lorentz factor, too is the rest mass of the fundamental 
region and v is the velocity associated with the FGR. 
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It is important to remark that the relativistic treatment 
generates new dynamics in high energy environments in 
comparison with a no relativistic treatment. This new 
scope is important for the understanding of the FGR and 
its relation with the elusive dark energy. 

In the same way the position and momentum of the 
FGR in its minimal state is determined through the 
Heisenberg principle as AxAp x ~ 1/2. 

Then, the combination of these postulates lead to the 
following expression xvjmo ~ 1/2, where we have as- 
sumed the following association: Ax — > x and Ap x — > 
p x = m vj [21]. 

If the length of the FGR is related with the 
Schwarzschild diameter as x — 4Gmo [21] where G is 
the Newtonian constant, then the energy and length of 
these structures can be written as 




7, x 




(1) 



where m p is the Planck mass and it is related with the 
Newtonian constant as m 2 = G _1 . If the FGR is im- 
mersed in a homogeneous and isotropic distribution of 
the Universe, we can accept that the total energy read as 
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where n is the number of FGR in a (1 + i)D region of 
space in concordance with the expectations of the "lower 
dimensions" models [15], P2] (it is possible to demon- 
strate that if the three dimensions of the space n 3 is 
added, the value of the energy density is not in agreement 
with the observational result [31]), X(t) the physical ra- 
dius of the Universe (thus 2X(t) is the physical diameter 
of the Universe). Using in (2| the total energy as a 
result of the contributions of each FGR in all the (1 + 1)1? 

Universe is e(t)* +1 ° ~ m 2 ,"fX(t)/2. 

On the other hand, observations confirm that the Uni- 
verse behave as a (3 + 1) dimensional manifold; then it is 
necessary project the (1 + 1) dimensional results in the 
(3 + 1) dimensional Universe. Then, it is possible to ex- 
pect that the volume can be written as V(t) ~ 4ttX^) 3 /3 
[2"2"] , this is because flatness implies that the geometry of 
the hypersurface is Euclidean in M 3 . Therefore it is pos- 
sible to define the volume of the Universe as the usual 
of a three sphere S 3 . Finally the (1 + 1)D energy can 
be projected in the (3 + 1)D Universe with the equation 

p = £^, +1)D /V and then the energy density of the FGR 
can be written as 



X(t) ~ v under the assumption that the velocity of the 
FGR its part of the space-time. The idea behind the 
cut-off scale can be described with the following words: 
A minimal information should exist and the consistent 
density associated to this minimal counterpart should be 
employed as an energy density. 

With the aim of study the dynamics in a cosmological 
context, a useful expression of the last equation can be 
written in a comoving coordinates X(£) = a(t)x', in the 
following way 



p{t) Y ~ p a(ty 
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where the velocity of this regions is associated with the 
rate of the expansion of the Universe as X(t) ~ a(t)x' . 
Thus po can be defined as p = 3m 2 /8nx' 2 , a(t) is the 
scale factor of the Universe and x' is the distance in a 
comoving reference system which is the free parameter 
associated to the theory. 

Considering a fluid behavior we accept the following 
equation p Y + (3a(t)/a(t))(P Y + p Y ) = 0. Then the pres- 
sure of the FGR, can be written as 



Po 
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It should be noted that fixing x', the equations Q and 
§5§ are subject to the constriction x'a{t) < 1. Finally, 
the EoS can be expressed as 



w(t), 



1 + x' 2 a{tfH{t) 
1 - x' 2 a{t) 2 H{t) 2 



(6) 



where oj{t) Y can be written in terms of the Hubble pa- 
rameter H(t) = a(t)/a(t) and the scale factor. It is im- 
portant to note that in the equation ^ we use the rela- 
tion P Y = uj Y p Y . 



III. TESTING u) Y IN THE CASE OF A MATTER 
DOMINATION UNIVERSE. 

We analyze the behavior of the EoS when the scale fac- 
tor corresponds to the matter domination era in order to 
extract information about its evolution. Thus, the scale 
factor evolves as a(t) = M 2 / 3 where •& = (67rm~ 2 p m )^ 3 
and p m is the matter density. Then, the equation ([6| can 
be written as 



2X(t)/x - o . ■..„..,„ , , 1 



m o_ v 3ml (l-X(t) 2 r 1/2 ^ "(*)r*-o+ - -. - ^ , (7) 



^X(t) 3 ^ 8tt X{t) 2 ' x ' ~2 ' V^+T 

which coincide with the holographic principle, due that where r\ = 1/x'd 3 / 2 and z is the redshift that it is related 
the Area ~ X 2 [T2]-[25]. It should be noted that to the scale factor as 1 + z = a -1 . 
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Following Fischler et al. [2D], we assume x' = Rnito) 
as the particle horizon used in the holographic cosmology 
(Li propose the future event horizon [14] in a no relativis- 
tic limit), thus x' can be expressed with the following 
equation 



x(t )' = R B (to) = o(*o) 



Co 



df 



(8) 



For matter domination we obtain that x(to)' = 3tg where 
to is the current age of the universe (t <~ 4.3 x 10 17 s), 



then 



3.87 x 10 m (where it is temporarily re- 



introduced the units). 

In term of time i 2 / 3 = l/i?(l + z), the previous expres- 
sion |7| tell us the following aspects: 

I. Under those hypothesis; currently, the EoS is 
u)(to) Y ~ —0.6 which corresponds to quintessence 
models (-K u < -1/3) [5] (See figure [l}. 



II. The EoS for cosmological constant ujy 
t ~ 1.515 x 10 18 s (See figure [TJ [DJ-[7]. 



-1 is at 



III. And after this era, the phantom energy (ui < —1) 
[5] dominates the scene triggering a Big Rip at ~ 
GOGyrs after this moment; this is because lu y tends 
to diverge as t grows (See figure [TJ. For example 
Caldwell et al. argues that the remaining time for 
the Big Rip with phantom energy as source of dark 
energy, is at ~ 35Gyrs (see e.g. [5]). 

This peculiar behavior suggests that the FGR could be 
considered as source of dark energy. 



IV. DYNAMICAL ANALYSIS WITH A 
CONSTRICTION. 

We study the dynamical evolution of the Universe 
which can be described with the Einstein field equations 
G^u — %-Kmp 2 T IJiV where the energy momentum tensor 
can be written as 
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E 
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(9) 



being the first term in the equation ^ the correspond- 
ing to the matter (dark matter and baryons), radiation 
(photons and neutrinos) and the ^ corresponds to FGR 
(we have used the signature diag{^- + H — h)). 

Applying the Einstein field equations, we obtain the 
following Friedmann and Raychaudhuri equations as 



H 2 



Py), 



(10) 
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Demg k" = 8ttG = 8irm~ 2 , (m) 
ter composed by dark matter and baryons (dm, &), (r) 
is the indications of radiation composed by photons and 
neutrinos (7, v); finally (Y) is for the dark energy of FGR 
proposed in the model, where H = H(t) and a = a(t). 
Equivalently the conservation equation for each Universe 
component can be written as 



(11) 

is the indication of mat- 
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(12a) 
(12b) 

(12c) 



assuming that dTjf jdx^ = 0. The equation ( 12 2) is sig- 
nificantly different to the other conservation equations 
due to the source term in the right hand of the expression. 
This source term generates the accelerated expansion ex- 
pected in the dynamic of the Universe. Similarly, this 
behavior can be observed in the Raychaudhuri equation 
(111 where H becomes positive. 



In order to solve the system of equations ( 10 )-( 11 1 we 
define the following dimensionless variables 



FIG. 1: Evolution of the EoS ui Y vs redshift z + 1 from the 
equation Q. The EoS begins with uj y ~ —0.5 and diverge 
when the redshift grows z + 1. 

It is important to stress that the constriction generate 
that the differentiation of the scale factor must be a(t) < 
7.751 x lO-^s" 1 . 
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where it is remarked explicitly all the Universe com- 
ponents and it is assumed the following constriction 
H 2 = (k 2 /3)p y in order to simplify the equations for 
FGR. 

Using these variables, the equations for the evolution 
of the background Universe can be transformed into the 
following equations 



(n-i)y, 
(n-i)z, 

n-i 

n 

n 



i. 



4 N 

- | m, 
3 



(14a) 
(14b) 
(14c) 

(14d) 

(14e) 



where the prime denotes a derivative with respect to the 
e- folding number N = ln(a), and II is defined as 



-n 



H 



V 2 + z 2 + ^l 2 + ^m 2 + ^x 2 



(15) 



subject to the Friedmann constraint 



y 2 + z 2 + b 2 + m 2 + x 2 



(16) 



To solve the dynamical system ( |14a[ )-( 15 1 it is necessary 
impose the initial conditions to the £li taken from 7-years 
WMAP values (See Table]!]) and the model prediction for 
dark energy as fl Y = py/pcrit — 0.73. 



Density Parameter 


WMAP 7 ML" 




0.226 
0.0451 



TABLE I: WMAP 7-year values. "ML" refers to the Maximum 
Likelihood parameters [23] 



The density parameter for photons is = Py/p C rit 



0.00004 where p 1 ~ ^cubr- Eqruvalently, the density 
parameter for neutrinos can be written as ft® ~ 0.00002 

As we observe from the figure ^ the constriction 
(H 2 = (k 2 /3)p Y ) generates that the evolution of the dark 
energy is subdominant in early times of the Universe al- 
lowing nucleosynthesis in radiation (photons+neutrinos ) 
domination era and the structure formation in the matter 
domination era. Correspondingly, the dark energy (com- 
posed with FGR) is dominant in later times in Universe 
evolution which fits with the observational results PQ-[3]. 
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FIG. 2: Dynamic evolution of photons (dotted and dashed 
line), neutrinos (small and large dashed line), dark matter 
(large dashed line), baryons (small dashed line) and FGR 
which behave as dark energy (continuous line). 



V. DISCUSSION. 

The most notable departure from this model is that the 
addition of relativistic corrections contributes to extra in- 
formation of the behavior of this dark energy model, in- 
troducing new dynamics which lack the Newtonian limit 
[T2"] , [TJ] . To summarizing the results we remark the most 
important features of this model in the following way: 

The EoS behave as quintessence, cosmological constant 
and phantom energy in different epochs of the Universe 
and predicts a Big Rip in 60Gyrs due to the divergence in 
the EoS (See figure dTJ) if it is choose a scale factor that 
corresponds to the matter scale factor in the equation 

It should be noted that the addition of this relativistic 
correction give us a natural acceleration without the need 
of future horizon [12], [13] . 

The supposition of the FGR and the reduction of the 
dimensions assumed in the "lower dimensional models", 
generates the correct value for the energy density of vac- 
uum and the coincidence problem, giving us new clues 
about the nature of dark energy and the accelerated ex- 
pansion of the Universe. Doing emphasis that the results 
are in concordance with the holographic principle [20 . 

Additionally, we analyze the Friedmann, Raychaud- 
huri and conservation equations through a dynamical sys- 
tem showing that the FGR could be a strong candidate 
to be the source of dark energy due to that it is domi- 
nant in later times of the Universe evolution preserving 
nucleosynthesis and structure formation epoch. 

Better analysis of the EoS ffify can be studied if we 
not use the constriction H 2 — [k 2 /3)p Y to simplify the 
dimensionless variables. In this study it is necessary ame- 
liorate the dynamical equations together with the com- 
putational environment. 

Further studies will explore this alternative to dark 
energy nature to obtain new clues of the behavior and 
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fate of ~ 70% of our Universe [2H| & [30], principally 
in the inflation epoch and in the extreme gravitational 
environments as galactic nuclei and stellar black holes. 
In a similar vein, it is necessary an exhaustive study of 
the hypothesis that the Universe behaves as (1 + 1) di- 
mensional space-time at Planck scales with the aim of 
found evidences of this particular behavior together with 
a most realistic scenario to understand the projection of 
the (1 + 1)D to the (3 + \)D current Universe. 



known as fine tuning problem of the density energy of 
vacuum. This is because the expression 



,(3+l)-D 




(Al) 
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Appendix A: The n 3 consideration for the (3 + 1)D 
manifold. 

Here we demonstrate that the consideration of n 3 due 
to the three dimensional space generate a wrong value 



is equivalent to the integral equation proposed by Wein- 
berg i, 



(3+l)-D _ 



P 



where A >> 



4irk 2 dk 1 



A 4 



(27T) 



TO, 



(A2) 

and it is used the election of A ~ 
ii = 2x 10 71 GeV 4 . 



m p /V8^ then p$+V D ~ p( 3 +V D ~ to 
Conclusively, the choice of the equation (|AlJ) generates 



the well known wrong constant value of the density en- 
ergy called the cosmological constant problem. 
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